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Abstract
The transmission of a connected hypergraph is defined as the sum-
mation of distances between all unordered pairs of distinct vertices. We
determine the unique uniform unicyclic hypergraphs of fixed size with
minimum and maximum transmissions, respectively.
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1 Introduction
A hypergraph G is a pair (V,E), where V = V (G) is a nonempty finite set
called the vertex set of G and E = E(G) is a family of subsets of V (G) called
the edge set of G [1]. The size of G is the cardinality of E(G). For an integer
k ≥ 2, a hypergraph is k-uniform if all its edges have cardinality k. In this
paper we only consider k-uniform hypergraphs where k ≥ 2 is fixed.
A sequence of v0e1v1 . . . ekvk, where vi are vertices of H , ei are its edges,
and vi−1, vi ∈ ei for i = 1, . . . , k, is a walk of length k between v0 and vk. By a
component of H containing some vertex v ∈ V (G), we mean a subhypergraph
which consists of all vertices v and edges e belonging to some walk containing
v. H is connected if it has only one component.
For u, v ∈ V (G), a walk from u to v in G is defined to be an alternating
sequence of vertices and edges (v0, e1, v1, . . . , vp−1, ep, vp) with v0 = u and vp =
v such that vi−1 6= vi and vi−1, vi ∈ ei for i = 1, . . . , p. The value p is the
length of this walk. A path is a walk with all vi distinct and all ei distinct. In
particular, a vertex u ∈ V (G) is viewed as a path (from u to u) of length 0. A
cycle is a walk containing at least two edges, all ei are distinct and all vi are
distinct except v0 = vp.
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If there is a path from u to v for any u, v ∈ V (G), then we say that G is
connected. A hypertree is a connected hypergraph with no cycles. A unicyclic
hypergraph is a connected hypergraph with exactly one cycle. Note that a
k-uniform unicyclic hypergraph of size m ≥ 2 always has m(k − 1) vertices,
where m ≥ 3 if k = 2.
Let G be a connected hypergraph. For u, v ∈ V (G), the distance between
u and v is the length of a shortest path from u to v in G, denoted by dG(u, v).
In particular, dG(u, u) = 0. The transmission σ(G) of G is defined as the
summation of distances between all unordered pairs of distinct vertices in G,
i.e., σ(G) =
∑
{u,v}⊆V (G) dG(u, v). This concept is also known as the sum of the
distances [19] and the Wiener index [5, 12, 10, 18, 20, 21, 24]. The average (or
mean) distance of G is just 2
n(n−1)
σ(G) with n = |V (G)| [2, 3, 4, 6, 11, 16, 17].
Networks with small transmission have good properties, thus they are often
desirable. In recent years, bounding the transmission has been a topic of
study for various authors. Hypergraph theory has been used in chemistry, see,
e.g. [9, 13, 14, 15]. As indicated in [13], the hypergraph model gives a higher
accuracy of molecular structure description: the higher the accuracy of the
model, the greater the diversity of the behavior of its invariants.
Tang and Deng [23] determined the unique unicyclic graphs (2-uniform uni-
cyclic hypergraphs) with maximum and minimum transmissions, respectively.
The transmissions of a connected hypergraph was discussed in [15]. Sun et
al. [22] computed the transmissions of some special k-uniform hypergraphs,
and provided a lower bound for Wiener index of a k-uniform hypergraph with
given circumference. Guo et al. [8] determined the unique k-uniform hyper-
trees with maximum, second maximum and third maximum transmissions, as
well as the unique k-uniform hypertrees with minimum, second minimum and
third minimum transmissions, respectively. We established a relation between
degree distance and the transmissions and a relation between the Gutman
index and the transmission for uniform hypertrees, see [7].
In this article, we characterize the unique uniform unicyclic hypergraphs
of fixed size with minimum and maximum transmissions, respectively.
2 Preliminaries
Let G be a connected hypergraph. Let σG(u) =
∑
v∈V (G) dG(u, v). Then
σ(G) = 1
2
∑
u∈V (G) σG(u). For A ⊆ V (G), let σG(A) =
∑
{u,v}⊆A dG(u, v). For
A,B ⊆ V (G) with A ∩B = ∅, let σG(A,B) =
∑
a∈A,b∈B dG(a, b).
For X ⊆ V (G) with X 6= ∅, let G[X ] be the subhypergraph of G induced
by X , i.e., G[X ] has vertex set X and edge set {e ⊆ X : e ∈ E(G)}. For
e ∈ E(G), let G − e be the subhypergraph of G obtained by deleting e. For
u ∈ V (G), let G−u be the subhypergraph of G obtained by deleting u and all
edges containing u. A component of a hypergraph G is a maximal connected
subhypergraph of G.
Let G be a k-uniform hypergraph with u, v ∈ V (G) and e1, . . . , er ∈ E(G)
such that u ∈ ei, v /∈ ei and e
′
i /∈ E(G) for 1 ≤ i ≤ r, where e
′
i = (ei \
{u}) ∪ {v}. Let G′ be the hypergraph with V (G′) = V (G) and E(G′) =
2
(E(G) \ {e1, . . . , er}) ∪ {e
′
1, . . . , e
′
r}. Then we say that G
′ is obtained from G
by moving edges e1, . . . , er from u to v.
For a hypergraph G with v ∈ V (G), let EG(v) be the set of edges of G
containing v. The degree of a vertex v in G, denoted by dG(v), is defined as
dG(v) = |EG(v)|.
A path P = (v0, e1, v1, . . . , vp−1, ep, vp) in a k-uniform hypergraph G is
called a pendant path at v0, if dG(v0) ≥ 2, dG(vi) = 2 for 1 ≤ i ≤ p − 1,
dG(v) = 1 for v ∈ ei \ {vi−1, vi} with 1 ≤ i ≤ p, and dG(vp) = 1. A pendant
edge is a pendant path of length 1.
If P is a pendant path of a hypergraph G at u, we say G is obtained from
H by attaching a pendant path P at u with H = G[V (G) \ (V (P ) \ {u})]. If
P is a pendant edge at u in G, then we also say that G is obtained from H by
attaching a pendant edge at u.
Let G be a connected k-uniform hypergraph with |E(G)| ≥ 1. For u ∈
V (G), and positive integers p and q, let Gu(p, q) be the k-uniform hypergraph
obtained from G by attaching two pendant paths of lengths p and q at u,
respectively, and Gu(p, 0) the k-uniform hypergraph obtained from G by at-
taching a pendant path of length p at u.
Lemma 1. [8] Let G be a connected k-uniform hypergraph with |E(G)| ≥ 1
and u ∈ V (G). For integers p ≥ q ≥ 1, σ(Gu(p, q)) < σ(Gu(p+ 1, q − 1)).
Let G be a connected k-uniform hypergraph with u, v ∈ e ∈ E(G). For
positive integers p and q, let Gu,v(p, q) be the k-uniform hypergraph obtained
from G by attaching a pendant path of length p at u and a pendant path of
length q at v, and Gu,v(p, 0) the k-uniform hypergraph obtained from G by
attaching a pendant path of length p at u. Let Gu,v(0, q) = Gv,u(q, 0).
Lemma 2. [8] Let G be a connected k-uniform hypergraph with |E(G)| ≥ 2,
u, v ∈ e ∈ E(G) and dG(u) = 1. For integers p ≥ q ≥ 1, σ(Gu,v(p, q)) <
σ(Gu,v(p+ 1, q − 1)).
Let G be a connected k-uniform hypergraph with |E(G)| ≥ 2, and let
e = {w1, . . . , wk} be a pendant edge of G at wk. For 1 ≤ i ≤ k − 1, let
Hi be a connected k-uniform hypergraph with vi ∈ V (Hi). Suppose that
G,H1, . . . , Hk−1 are vertex–disjoint. For 0 ≤ s ≤ k− 1, let Ge,s(H1, . . . , Hk−1)
be the hypergraph obtained by identifying wi of G and vi of Hi for each i with
s+1 ≤ i ≤ k− 1 and identifying wk of G and vi of Hi for all i with 1 ≤ i ≤ s.
Lemma 3. Suppose that |E(Hj)| ≥ 1 for some j with 1 ≤ j ≤ k − 1. Then
W (Ge,0(H1, . . . , Hk−1)) > σ(Ge,s(H1, . . . , Hk−1)) for j ≤ s ≤ k − 1.
Proof. Let H = Ge,0(H1, . . . , Hk−1) and H
′ = Ge,s(H1, . . . , Hk−1). For 1 ≤
i ≤ k − 1, let Vi = V (Hi) \ {wi}. As we pass from H to H
′, for 1 ≤ i ≤ s,
the distance between a vertex of Vi and a vertex of U = V (G) \ (e \ {wk})
is decreased by 1, the distance between a vertex of Vi and wi is increased by
1, and the distance between any other vertex pair remains unchanged or is
decreased. Thus
σ(H)− σ(H ′) ≥
s∑
i=1
(σH(Vi, U) + σH(Vi, {wi}))
3
−
s∑
i=1
(σH′(Vi, U) + σH′(Vi, {wi}))
=
s∑
i=1
(σH(Vi, U)− σH′(Vi, U))
+
s∑
i=1
(σH(Vi, {wi} − σH′(Vi, {wi}))
=
s∑
i=1
|Vi|(|V (G)| − k + 1)−
s∑
i=1
|Vi|
=
s∑
i=1
|Vi|(|V (G)| − k)
> 0,
implying that σ(H) > σ(H ′).
For a k-uniform unicyclic hypergraph G with V (G) = {v1, . . . , vn}, where
n = m(k−1), ifE(G) = {e1, . . . , em}, where ei = {v(i−1)(k−1)+1, . . . , v(i−1)(k−1)+k}
for i = 1, . . . , m, and v(m−1)(k−1)+k = v1, then we call G a k-uniform loose cycle,
denoted by Cn,k.
For a k-uniform hypertree G with n vertices, if all edges share a common
vertex v, then we call G a k-uniform hyperstar (with center v), denoted by
Sn,k. In particular, S1,k consists of a single vertex.
Let G be a connected k-uniform hypergraph with an induced subhyper-
graph Cg(k−1),k, where k ≥ 3 and g ≥ 2. Label the vertices of Cg(k−1),k as
above with v(g−1)(k−1)+k = v1. If G is a k-uniform unicyclic hypergraph, then
G−E(Cg(k−1),k) consists of g(k − 1) components, denoted by H1, . . . , Hg(k−1)
with vi ∈ V (Hi) for i = 1, . . . , g(k − 1). In this case, we denote G by
Ckg(k−1)
(
H1, . . . , Hg(k−1)
)
. If H(i−1)(k−1)+1 is a k-uniform hyperstar Sti,k with
center v(i−1)(k−1)+1 for i = 1, . . . , g, and V (Hj) = {vj} for j = (i− 1)(k− 1) +
2, . . . , i(k − 1), where ti = |V (Hi)|, then we denote C
k
g(k−1)
(
H1, . . . , Hg(k−1)
)
by Ckg (t1, . . . , tg).
3 Uniform unicyclic hypergraphs with mini-
mum and maximum transmissions
Let G be a unicyclic graph of size m. Then m ≥ 3. Let CPm be the unicyclic
graph obtained by identifying a vertex of C3,2 and an end vertex of P2m−5,2.
If m = 3, then G ∼= CPm, and if m = 4, then G ∼= C4,2 or C
2
3(1, 0, 0) and it is
easy to see that these two graphs have equal Wiener indices. If m ≥ 5, then
σ(G) ≥ m+2
[(
m
2
)
−m
]
= m(m−2) with equality if and only if the diameter
of G is at most 2, i.e., G ∼= CPm or C5,2 for m = 5, and CPm for m ≥ 6.
Theorem 1. For k ≥ 3, let G be a k-uniform unicyclic hypergraph of size
m ≥ 2 with minimum transmission. Then G ∼= C3k−3,k if m = 3, and G ∼=
Ck2 (m− 2, 0) if m = 2 or m ≥ 4.
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Proof. The order of G is n = (k − 1)m. If the cycle length of G is 2, then
there are exactly two edges with exactly two vertices in common, and thus
σ(G) ≥
[
m
(
k
2
)
− 1
]
·1+
[(
n
2
)
−m
(
k
2
)
+ 1
]
·2 = (k−1)m
[
(k − 1)m− 1−
k
2
]
+1.
with equality if and only if the diameter ofG is at most 2, i.e., G ∼= Ck2 (m−2, 0).
If the cycle length of G is at least 3, then any two edges have at most one
vertex in common, and thus
σ(G) ≥ m
(
k
2
)
· 1 +
[(
n
2
)
−m
(
k
2
)]
· 2 = (k − 1)m
[
(k − 1)m− 1−
k
2
]
.
with equality if and only if the diameter of G is at most 2, i.e., G ∼= C3k−3,k
and m = 3.
Suppose that the cycle length of G is at least 3 and G 6∼= C3k−3,k. Then
the diameter of G is at least three. If the diameter of G is at least four, then
it is obvious that σ(G) > (k − 1)m
[
(k − 1)m− 1− k
2
]
+ 1. If the diameter of
G is three, then it is impossible that there is exactly one pair of vertices with
distance three, and thus σ(G) > (k − 1)m
[
(k − 1)m− 1− k
2
]
+ 1.
Now we know that ifm = 3, then σ(G) = (k−1)m
[
(k − 1)m− 1− k
2
]
with
G ∼= C3k−3,k, and ifm = 2 orm ≥ 4, then σ(G) = (k−1)m
[
(k − 1)m− 1− k
2
]
+
1 with G ∼= Ck2 (m− 2, 0).
Note that, for m ≥ 5, C23(m − 3, 0, 0) is the unique unicyclic graph of
size m with maximum transmission, see [23]. In the following, we determine
the unique hypergraphs with maximum transmission in the set of k-uniform
unicyclic hypergraphs of fixed size for k ≥ 3.
Lemma 4. For k ≥ 3 and g ≥ 3, let G = Ckg(k−1)(H1, . . . , Hg(k−1)). Let
G∗1 be the k-uniform hypergraph obtained from G by moving e1 from vk to
v(g−1)(k−1)+1, and G
∗
2 the k-uniform hypergraph obtained from G by moving eg
from v(g−1)(k−1)+1 to vk. Then σ(G
∗
1) > σ(G) or σ(G
∗
2) > σ(G).
Proof. For 1 ≤ i ≤ g(k − 1), let Vi = V (Hi). Let A1 =
⋃ g(k−1)
2
i=k Vi and A2 =⋃(g−1)(k−1)+1
i= g(k−1)
2
+2
Vi if g is even, andA1 =
⋃ (g−1)(k−1)
2
+1
i=k Vi andA2 =
⋃(g−1)(k−1)+1
i= (g+1)(k−1)
2
+1
Vi
if g is odd.
Suppose that |A1| ≥ |A2|. As we pass from G to G
∗
1, the distance between
a vertex of U1 =
⋃k−1
i=2 Vi and a vertex of A1 is increased by at least 1, the
distance between a vertex of U1 and a vertex of A2 is decreased by 1, the
distance between a vertex of V1 and Vk is increased by g− 2, and the distance
between any other vertex pair is increased or remains unchanged. Thus
σG∗1(U1, A1)− σG(U1, A1) ≥ |U1||A1|,
σG∗1(U1, A2)− σG(U1, A2) = −|U1||A2|,
σG∗1(V1, Vk)− σG(V1, Vk) = (g − 2)|V1||Vk|,
and
σ(G∗1)− σ(G) ≥ σG∗1(U1, A1) + σG∗1(U1, A2) + σG∗1(V1, Vk)
5
− (σG(U1, A1) + σG(U1, A2) + σG(V1, Vk))
≥ |U1||A1| − |U1||A2|+ (g − 2)|V1||Vk|
= |U1|(|A1| − |A2|) + (g − 2)|V1||Vk|
> 0.
It follows that σ(G∗1) > σ(G).
Now suppose that |A1| < |A2|. As we pass from G to G
∗
2, the distance
between a vertex of U2 =
⋃g(k−1)
i=(g−1)(k−1)+2 Vi and a vertex of A1 is decreased
by 1, the distance between a vertex of U2 and a vertex of A2 is increased by
at least 1, the distance between a vertex of V1 and a vertex of V(g−1)(k−1)+1 is
increased by g−2, and the distance between any other vertex pair is increased
or remains unchanged. Thus
σG∗2(U2, A1)− σG(U2, A1) = −|U2||A1|,
σG∗2(U2, A2)− σG(U2, A2) ≥ |U2||A2|,
σG∗2(V1, V(g−1)(k−1)+1)− σG(V1, V(g−1)(k−1)+1) = (g − 2)|V1||V(g−1)(k−1)+1|,
and
σ(G∗2)− σ(G) ≥ σG∗2(U2, A1) + σG∗2(U2, A2) + σG∗2(V1, V(g−1)(k−1)+1)
−
(
σG(U2, A1) + σG(U2, A2) + σG(V1, V(g−1)(k−1)+1)
)
≥ −|U2||A1|+ |U2||A2|+ (g − 2)|V1||V(g−1)(k−1)+1|
= |U2|(|A2| − |A1|) + (g − 2)|V1||V(g−1)(k−1)+1|
> 0.
Therefore σ(G∗2) > σ(G).
Lemma 5. For k ≥ 3, let G = Ck2(k−1)
(
H1, . . . , H2(k−1)
)
and let G∗ be the
k-uniform hypergraph obtained from G by moving all edges in EHk(vk) from vk
to v2. Suppose that
∑2(k−1)
i=k+1 |V (Hi)| ≥ |V (H2)|. Then σ(G
∗) > σ(G).
Proof. As we pass from G to G∗, the distance between a vertex of U1 =
V (Hk)\{vk} and a vertex of U2 =
⋃2(k−1)
i=k+1 V (Hi) is increased by 1, the distance
between a vertex of U1 and a vertex of V (H2) is decreased by 1, the distance
between a vertex of U1 and vk is increased by 1, and the distance between any
other vertex pair remains unchanged. Thus
σG∗(U1, U2)− σG(U1, U2) = |U1||U2| ≥ |U1||V (H2)|,
σG∗(U1, V (H2))− σG(U1, V (H2)) = −|U1||V (H2)|,
σG∗(U1, {vk})− σG(U1, {vk}) = |U1|,
and
σ(G∗)− σ(G) = σG∗(U1, U2) + σG∗(U1, V (H2) + σG∗(U1, {vk})
− (σG(U1, U2) + σG(U1, V (H2)) + σG(U1, {vk}))
= |U1||U2| − |U1||V (H2)|+ |U1|
> 0.
Therefore σ(G∗) > σ(G).
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For k ≥ 3, and p ≥ q ≥ 1, let C˜k2 (p, q) = Gw1,w′1(p, q), where G =
C2k−2,k with edges e = {u, v, w1, . . . , wk−2} and f = {u, v, w
′
1, . . . , w
′
k−2}. Let
C˜k2 (0, 0) = C2k−2,k.
Lemma 6. For k ≥ 3 and m ≥ 4, if 1 ≤ p ≤ q − 2 and p + q = m − 2, then
W
(
C˜k2 (p+ 1, q − 1)
)
> W
(
C˜k2 (p, q)
)
.
Proof. Let G = C˜k2 (p, q). Let e, f be the edges of the cycle in G with e ∩ f =
{u, v}. Let (u0, e1, u1, . . . , up−1, ep, up) and (v0, f1, v1, . . . , vq−1, fq, vq) be the
pendant paths at u0 and v0, respectively, where u0 ∈ e \ {u, v} and v0 ∈
f \ {u, v}. Let G′ be the k-uniform hypergraph obtained from G by moving fq
from vq−1 to up. Obviously, G
′ ∼= C˜k2 (p+1, q−1). Let U = V (G)\(fq\{vq−1}).
By direct calculation, we have
σG(fq \ {vq−1}, U)
=
∑
w∈fq\{vq−1}
 q−1∑
i=0
dG(w, vi) +
p∑
i=1
dG(w, ui) +
q−1∑
i=1
∑
z∈fi\{vi−1,vi}
dG(w, z)
+
p∑
i=1
∑
z∈ei\{ui−1,ui}
dG(w, z) +
∑
z∈f\{v0}
dG(w, z) +
∑
z∈e\{u,v}
dG(w, z)

=
∑
w∈fq\{vq−1}
 q−1∑
i=0
(q − i) +
p∑
i=1
(q + 2 + i) +
q−1∑
i=1
∑
z∈fi\{vi−1,vi}
(q + 1− i)
+
p∑
i=1
∑
z∈ei\{ui−1,ui}
(q + 2 + i) +
∑
z∈f\{v0}
(q + 1) +
∑
z∈e\{u,v}
(q + 2)

= (k − 1)
[
(q + 1)q
2
+
(p+ 2q + 5)p
2
+
q−1∑
i=1
(k − 2)(q + 1− i)
+
p∑
i=1
(k − 2)(q + 2 + i) + (k − 1)(q + 1) + (k − 2)(q + 2)
]
= (k − 1)
[
(q + 1)q
2
+
(p+ 2q + 5)p
2
+
(k − 2)(q + 2)(q − 1)
2
+
(k − 2)(p+ 2q + 5)p
2
+ (k − 1)(q + 1) + (k − 2)(q + 2)
]
= (k − 1)
[
(q + 1)q
2
+
(p+ 2q + 5)p
2
+
(k − 2)(p2 + q2 + 2pq + 5p+ q − 2)
2
+ (2k − 3)(q + 1) + k − 2
]
,
and
σG′(fq \ {vq−1}, U)
= (k − 1)
[
(p+ 2)(p+ 1)
2
+
(q + 2p+ 6)(q − 1)
2
7
+
(k − 2)(p2 + q2 + 2pq + 5q + p− 6)
2
+ (2k − 3)(p+ 2) + k − 2
]
.
Note that
σ(G) = σG(fq \ {vq−1}) + σG(U) + σG(fq \ {vq−1}, U),
σ(G′) = σG′(fq \ {vq−1}) + σG′(U) + σG′(fq \ {vq−1}, U).
Since σG(U) = σG′(U) and σG(fq \ {vq−1}) = σG′(fq \ {vq−1}), we have
σ(G′)− σ(G)
= σG′(fq \ {vq−1}) + σG′(U) + σG′(fq \ {vq−1}, U)
− (σG(fq \ {vq−1}) + σG(U) + σG(fq \ {vq−1}, U))
= σG(fq \ {vq−1}, U)− σG′(fq \ {vq−1}, U)
= (k − 1)
[
(p+ 2)(p+ 1)
2
+
(q + 2p+ 6)(q − 1)
2
+
(k − 2)(p2 + q2 + 2pq + 5q + p− 6)
2
+ (2k − 3)(p+ 2) + k − 2
]
−(k − 1)
[
(q + 1)q
2
+
(p+ 2q + 5)p
2
+
(k − 2)(p2 + q2 + 2pq + 5p+ q − 2)
2
+ (2k − 3)(q + 1) + k − 2
]
= (k − 1)(q − p− 1)
> 0.
Thus σ(G′) > σ(G).
Theorem 2. For k ≥ 3 and m ≥ 2, let G be a k-uniform unicyclic hypergraph
of size m with maximum transmission. Then G ∼= C˜k2
(
⌊m−2
2
⌋, ⌈m−2
2
⌉
)
.
Proof. It is trivial if m = 2. Suppose that m ≥ 3. Let C be the unique
cycle of G. By Lemma 4, the length of C is 2. Let e1 = {v1, . . . , vk} and
e2 = {vk, . . . , v2k−1} be the edges of C, where v2k−1 = v1. Let Hi be the
component of G − E(C) containing vi, where 1 ≤ i ≤ 2k − 2. Then G ∼=
Ck2k−2(H1, . . . , H2k−2). By Lemma 5, |V (H1)| = |V (Hk)| = 1.
Claim. For each i with 1 ≤ i ≤ 2(k − 1) and i 6= 1, k, if |V (Hi)| > 1, then Hi
is a pendant path at vi.
Suppose that dHi(vi) = 1. Let ∆(Hi) be the maximum degree of Hi.
Suppose that ∆(Hi) ≥ 3. Note that for w ∈ V (Hi) \ {vi}, dHi(w) = dG(w)
and dHi(w, vi) = dG(w, vi). Choose a vertex v ∈ V (Hi) of degree at least 3
such that dG(v, vi) is as large as possible. Let F1, . . . , FdG(v) be the vertex–
disjoint subhypergraphs of G − v with
⋃dG(v)
j=1 V (Fj) = V (G) \ {v} such that
G[V (Fj)∪{v}] is a k-uniform hypertree for 2 ≤ j ≤ dG(v) and G[V (F1)∪{v}]
is a k-uniform unicyclic hypergraph containing vi. Suppose that G[V (Fj)∪{v}]
is not a pendant path at v for some j with 2 ≤ j ≤ dG(v). Then there is at
least one edge in E(G[V (Fj)∪{v}]) with at least three vertices of degree 2. We
choose such an edge e = {w1, . . . , wk} by requiring that dG(v, w1) is as large
8
as possible, where dG(v, w1) = dG(v, wl) − 1 for 2 ≤ l ≤ k. Then there are
two pendant paths at different vertices of e, say P at ws and Q at wt, where
2 ≤ s < t ≤ k. Let p ≥ q ≥ 1 be the lengths of P and Q, respectively. Then
G ∼= Nws,wt(p, q), where N = G[V (G) \ (V (P ∪ Q) \ {ws, wt})]. Obviously,
dN(ws) = dN(wt) = 1 and G
′ = Nws,wt(p + 1, q − 1) is a k-uniform unicyclic
hypergraph of size m. By Lemma 2, we have σ(G) < σ(G′), a contradiction.
Thus G[V (Fj) ∪ {v}] is a pendant path at v for 2 ≤ j ≤ dG(v). Let lj be
the length of the pendant path G[V (Fj) ∪ {v}] at v, where 2 ≤ j ≤ dG(v)
and lj ≥ 1. Then G ∼= Fv(l2, l3), where F = G[V (G) \ V (F2 ∪ F3)]. We may
assume that l2 ≥ l3. Obviously, G
′′ = Fv(l2+1, l3−1) is a k-uniform unicyclic
hypergraph of size m. By Lemma 1, σ(G) < σ(G′′), a contradiction. Thus
∆(Hi) ≤ 2.
If ∆(Hi) = 1, then Hi is a pendant edge at vi in G, and the result follows.
Suppose that ∆(Hi) = 2. Suppose that Hi is not a pendant path at vi. Then
there is an edge in Hi with at least three vertices of degree 2. Choose such
an edge e = {w1, . . . , wk} in E(Hi) such that dG(vi, w1) is as large as possible,
where dG(vi, w1) = dG(vi, wj)− 1 for 2 ≤ j ≤ k. Then there are two pendant
paths at different vertices of e, say P ′ at ws and Q
′ at wt, where 2 ≤ s < t ≤ k.
Let p′ and q′ be the lengths of P ′ and Q′, respectively, where p′ ≥ q′ ≥ 1. Then
G ∼= N˜ws,wt(p
′, q′), where N˜ = G[V (G) \ (V (P ′ ∪ Q′) \ {ws, wt})]. Obviously,
d
N˜
(ws) = dN˜(wt) = 1 and G
∗ = N˜ws,wt(p
′ + 1, q′ − 1) is a k-uniform unicyclic
hypergraph of size m. By Lemma 2, we have σ(G) < σ(G∗), a contradiction.
Thus Hi is a pendant path at vi in G.
Next suppose that dHi(vi) ≥ 2. Let U1, . . . , UdHi (vi) be the subhypergraphs
of Hi − vi with
⋃dHi(vi)
j=1 V (Uj) = V (Hi) \ {vi} such that Hi[V (Uj) ∪ {vi}] is a
k-uniform hypertree for 1 ≤ j ≤ dHi(vi). Similarly as above, each Hi[V (Uj) ∪
{vi}] is a pendant path for 1 ≤ j ≤ dHi(vi). Let sj ≥ 1 be the length
of Hi[V (Uj) ∪ {vi}] with 1 ≤ j ≤ dHi(vi). We may assume that s1 ≥ s2.
Then G ∼= F˜vi(s1, s2), where F˜ = G[V (G) \ (V (U1) ∪ V (U2))]. Let G
∗∗ ∼=
F˜vi(s1 + 1, s2 − 1). Obviously, G
∗∗ is a k-uniform unicyclic hypergraph of size
m. By Lemma 1, we have σ(G) < σ(G∗∗), a contradiction. This proves the
Claim.
Let ri = |E(Hi)| for 1 ≤ i ≤ 2k − 2. Obviously, r1 = rk = 0.
Suppose that there are integers i and j with 2 ≤ i < j ≤ k − 1 such
that ri ≥ rj ≥ 1. By our Claim, we have G = Hvi,vj(ri, rj), where H =
G[V (G)\ (V (Hi∪Hj)\{vi, vj})]. Let G
′ = Hvi,vj(ri+1, rj −1). Obviously, G
′
is a k-uniform unicyclic hypergraph of size m. By Lemma 2, σ(G) < σ(G′), a
contradiction. Thus there is at most one integer i with 2 ≤ i ≤ k−1 such that
ri ≥ 1. Similarly, there is at most one integer i with k + 1 ≤ i ≤ 2k − 2 such
that ri ≥ 1. Therefore G ∼= C˜
k
2 (r1, r2), where r1 ≥ r2 ≥ 0 and r1+ r2 = m− 2.
By Lemma 6, we have G ∼= C˜k2
(⌊
m−2
2
⌋, ⌈m−2
2
⌉)
.
9
References
[1] C. Berge, Hypergraphs: Combinatorics of Finite Sets, North-Holland,
Amsterdam, 1989.
[2] D. Bienstock, E. Gyori, Average distance in graphs with removed ele-
ments, J. Graph Theory 12 (1988) 375–390.
[3] F. R. K. Chung, The average distance and the independence number, J.
Graph Theory 12 (1988) 229–235.
[4] P. Dankelmann, R. Entringer, Average distance, minimum degree and
spanning trees, J. Graph Theory 33 (2000) 1–13.
[5] A. A. Dobrynin, R. Entringer, I. Gutman, Wiener index of trees: theory
and applications, Acta Appl. Math. 66 (2001) 211–249.
[6] J. K. Doyle, J. E. Graver, Mean distance in a graph, Discrete Math. 7
(1977) 147–154.
[7] H. Guo, B. Zhou, Properties of Degree Distance and Gutman Index
of Uniform Hypergraphs, MATCH Commun. Math. Comput. Chem. 78
(2017) 213–220
[8] H. Guo, B. Zhou, H. Lin, The Wiener index of uniform hypergraphs,
MATCH Commun. Math. Comput. Chem. 78 (2017) 133–152.
[9] I. Gutman, E. V. Konstantinova, V. A. Skorobogatov, Molecular hyper-
graphs and Clar structural formulas of benzenoid hydrocarbons, ACH–
Models Chem. 136 (1999) 539–548.
[10] P. J. Hansen, J. P. Jurs, Chemical applications of graph theory. Part I.
Fundamentals and topological indices, J. Chem. Educ. 65 (1988) 574–580.
[11] G.R.T. Hendry, On mean distance in certain classes of graphs, Networks
19(1989) 451–457.
[12] H. Hosoya, Topological index. A newly proposed quantity characterizing
the topological nature of structural isomers of saturated hydrocarbons,
Bull. Chem. Soc. Japan 44 (1971) 2332–2339.
[13] E. V. Konstantinova, V. A. Skoroboratov, Graph and hypergraph mod-
els of molecular structure: A comparative analysis of indices, J. Struct.
Chem. 39 (1998) 958–966.
10
[14] E. V. Konstantinova, V. A. Skorobogatov, Application of hypergraph the-
ory in chemistry, Discrete Math. 235 (2001) 365–383.
[15] E. V. Konstantinova, Chemical Hypergraph Theory , Com2MaC Lecture
Note Series, Vol. 3, Combinatorial and Computational Mathematics Cen-
ter, Pohang University of Science and Technology, 2001.
[16] M. Kouider, P. Winkler, Mean distance and minimum degree, J. Graph
Theory 25 (1997) 95–99.
[17] B. Mohar, Eigenvalues, diameter and mean distance in graphs, Graphs
Combin. 7 (1991) 53–64.
[18] S. Nikolic´, N. Trinajstic´, Z. Mihalic´, The Wiener index: Development and
applications, Croat. Chem. Acta 68 (1995) 105–128.
[19] J. Plesn´ık, On the sum of all distances in a graph or digraph, J. Graph
Theory 8 (1984) 1–21.
[20] D. H. Rouvray, Predicting chemistry from topology, Sci. Amer. 255 (1986)
40–47.
[21] D. H. Rouvray, The rich legacy of half a century of the Wiener index, in:
D.H. Rouvray and R.B. King (Eds.), Topology in Chemistry: Discrete
Mathematics of Molecules, Horwood, Chichester, 2002, pp. 16–37.
[22] L. Sun, J. Wu, H. Cai, Z. Luo, The Wiener index of r-uniform hypergraph,
Bull. Malays. Math. Sci. Soc., in press, DOI: 10.1007/s40840-016-0359-6.
[23] Z. Tang, H. Deng, The (n, n)-graphs with the first three extremal Wiener
indices, J. Math. Chem. 43 (2008) 60–74.
[24] H. Wiener, Structural determination of paraffin boiling points, J. Am.
Chem. Soc. 69 (1947) 17–20.
11
